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Abstract 

We consider the inviscid limit of the stochastic damped 2D Navier- 
Stokes equations. We prove that, when the viscosity vanishes, the station- 
ary solution of the stochastic damped Navier-Stokes equations converges 
to a stationary solution of the stochastic damped Euler equation and that 
the rate of dissipation of enstrophy converges to zero. In particular, this 
limit obeys an enstrophy balance. The rates are computed with respect to 
a limit measure of the unique invariant measure of the stochastic damped 
Navier-Stokes equations. 
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1 Introduction 

In this paper, we are interested in the equations of motion of incompressible 
fluids in a bounded domain of M^. In particular, we consider the Euler or Navier- 
Stokes equations damped by a term proportional to the velocity. Damping 
terms in two dimensional turbulence studies have been considered to model 
pumping due to friction with boundaries. Numerical studies of two dimensional 
turbulence employ devices to remove the energy that piles up at the large scales, 
and damping is the most common such device. We refer to [161 IZ] for a physical 
motivation of the model and to [J [THl [H] for a mathematical analysis of the 
deterministic damped Navier-Stokes equations and to jH [S] for the stochastic 
damped Euler equations. 

These stochastic damped equations are given by 



(1) 



du + [—jyAu + (u • V)w + ju + Wp]dt = dw 
V ■u = 



The non negative coefficients ly and 7 are called kinematic viscosity and sticky 
viscosity, respectively. The unknowns are the velocity u and the pressure p. 
Suitable boundary conditions have to be considered. 
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For a fixed 7 > 0, if > tliese are called the stochastic damped Navier- 
Stokes equations, whereas if = they are the stochastic damped Euler equa- 
tions. If 7 = and V — 0, we refer to [31 151 [SI [HI [ID] for an analysis of the 
existence and/or uniqueness of solutions and to [TT] where some dissipation of 
enstrophy arguments are discussed in Besov spaces. 

Turbulence theory investigates the behavior of certain quantities as the vis- 
cosity u vanishes. In particular, in the two dimensional setting one is inter- 
ested in understanding what happens to the balance equation of energy and 
enstrophy (in the stationary regime) as the viscosity vanishes. D. Bernard [5] 
suggested that there is no anomalous dissipation of enstrophy in damped and 
driven Navier-Stokes equations; Constantin and Ramos [10] proved that there 
is no anomalous dissipation neither of energy nor of enstrophy as v ^ for the 
deterministic damped Navier-Stokes equations in the whole plane. Some similar 
questions were suggested by Kupiainen [3T] for the stochastic case. Therefore 
we address the same problem when the forcing term is of white noise type. Tools 
from stochastic analysis are very useful to investigate the same problem studied 
in [lOj . giving a rigorous meaning to the averages of velocity and vorticity. In- 
deed, using stochastic PDE's allows to express the stationary regime by means 
of an invariant measure, whereas in the deterministic setting the stationary 
regime is described by taking time averages on the infinite time interval. 

In this paper we shall prove that in the stationary regime system ([T]) has no 
anomalous dissipation neither of energy nor of enstrophy as — > 0. However, 
we shall be working in a finite two dimensional spatial domain and not in the 
whole plane; this answers one of the questions posed by Kupiainen in |21| about 
the behaviour of the stochastic damped Navier-Stokes equations on a torus for 
vanishing viscosity. 

As far as the content of the paper is concerned, in Section 2 we introduce 
some functional spaces, the equations in their vorticity formulation and the 
assumptions on the noise term. We also introduce the classical properties of the 
nonlinear term associated to these equations. Section 3 is devoted to the well 
poscdness of the stochastic 2D damped Navier-Stokes equations, where some 
uniform estimates are computed. Starting from a known result of existence and 
uniqueness of the invariant measure, we provide a balance law for the enstrophy. 
The vanishing viscosity limit is studied in Section 4 and stationary solutions 
are constructed by means of a tightness argument providing a balance relation 
for these stationary solutions. Using these results, we provide a proof of no 
anomalous of enstrophy and energy for the stochastic damped 2D Navier-Stokes 
equations. 

2 Notations and hypothesis 

Let the spatial domain D be the square [— 7r,7r]^; periodic boundary conditions 
are assumed. A basis of the space L^{D) with periodic boundary conditions 
is {ek}kez^j ek{x) ~ ^^e*'""^. whereas a basis for the space of periodic vector 

fields which are square integrable and divergence free is {J^ek}ke'z^■ Actually 
we consider k ^ (0, 0), since if m is a solution of system ([IJ then also u -I- c is 
a solution for any c e M. Therefore we consider velocity fields with vanishing 
mean value. 

Let 7.% = 1?\ {(0,0)}, and 1?^ = {k = (k^M) e Z : fci > 0} U {/c = 
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(0,^2) € I? : k2 > 0}. Given x = {xi,X2) G we denote by |a;| its norm: 
|a;| = {xiY + {x2Y- Given y = diy + i'^y e C we denote hy \y\ its absolute 
value and by y its complex conjugate: |y| = ■\/ (Jfj/)^ + (3?/)^, y = — i^y. 
For any a e R wc define the Hilbert space 

with scalar product 



we set 



For a vector / = (/i, /2) we set 

ll/lll/» = il/lill/=+ll/2|ll^». 

In particular, for scalar functions we have ||/||^o ~ II/IIl2(_d) ^^"^ il/lli/i = 

The space is compactly embedded in the space ii a > b. 
Given a separable Hilbert space X, for a > and p > 1 we define the Banach 
space 

VF"'P(0,T;X) = |/ € L^O,T;X) : £ £ M^^L_f^^dt ds < ooj 
and we set 

ii/irv.=,.(o,T;x) = £ wmrxdt + £ £ ^yz^rSI^^^ 

Let {il, F, P) be a complete probability space, with expectation denoted by 
E. Wc assume that the stochastic forcing term in ([T]) is of the form 

w = w{t,x)^ 22 V^Pk{t)-rjjekix). 

Here {Pk}k^z2^ is a sequence of independent complex- valued standard Brownian 

motions on (^], F, P); moreover j3-k = —Pk and qt = q-k for any k S Z\. The 
non negative coefficients qk are assumed to satisfy the condition 

(2) 0, := ^ l/cp^fc < oo. 



In the 2D setting it is convenient to introduce the (scalar) vorticity 

. „^ du2 dui 

^ = ^ ■ " = 

oxi 0x2 
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System ((T]) corresponds to 
(3) 



obtained by taking the curl of both sides of the first equation of ([T]). Periodic 
boundary conditions have to be added to this system. The noise is w'^'^^^t, x) = 
*SfcGZ^ \/Qk\f^\Pk{t)ek{x); classical results are 



(4) 
and 

(5) 



l|w (^)llffo=2tg^ Vi>0 



for any a G (0, i) and p > 2. Here and henceforth, C{a,p) denotes a positive 
constant depending on the specified parameters. 

Knowing the vorticity ^ we recover the velocity u by solving the elliptic 
equation 



(6) 



Au = 



This means that if ^(x) = ^feefe(x), then u{x) = 

We present basic properties of the bilinear term in the 2D setting. 

Lemma 2.1 If ^ ^ • u, then 



(7) / [u ■ VC](/) dx = - f [u- V(/)]e dx 

Jd Jd 

for all H^, and 



(8) 

for all ^eH\ 



[u ■ VC]C dx = 



Proof. The first relation Q is easily obtained by integrating by parts. Then, 
dH) is the particular case of ([7]) for (/) = ^. □ 

Lemma 2.2 There exists a positive constant C such that 



(9) 



D 



{u ■ W)v dx < C\\u\\Li(D)\\v\\L^(D)\\lp\\m 



for all divergence free vectors with the regularity specified in the r.h.s., and for 
any a > 1 



(10) 



u ■ 4> dx 



D 



<c\\u\\Hom\HA 



(11) 



u ■ dx 



<C\\u\\Ho\mm^4^Ho 



for all functions with the regularity specified in the r.h.s., where ^ — • u. 
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Proof. The key relationship for © is 

/ [u ■ \7]v ■ ^ dx = — / [u ■ \/]ip ■ V dx 

JD J D 

assuming sufficient regularity for u, il)] this is obtained by integrating by parts. 
Then we get the estimate by Holder inequality and this is extended by density 
to vectors with the specified regularity. For (jlO[) we use Holder inequality and 
the continuous embedding C L°°{D) for a > 1. Similarly we obtain the 
latter estimate. □ 



The stochastic damped Navier-Stokes equa- 
tions 



The well posedness of the stochastic damped 2D Navier-Stokes equations 
(12) 



is very similar to the case when 7 = 0. Here we assume periodic boundary 
conditions with period box [— 7r,7r]^. 

The proof of existence of a unique solution for square summable initial vor- 
ticity is the same as the proof for square summable initial velocity that can be 
found in jl3j . where the proof is performed for 7 = 0. Similar proofs can also 
be found in [31 [5] with some uniform estimates with respect to the viscosity v. 
Here, we point out the peculiar estimate ((T4| for 7 > 0, useful in the analysis 
of the limit as — 0. 

Theorem 3.1 Let 7, > 0, E||^'^(0)||^o < 00 for some p > 2 and assumption 
1^ be satisfied. Then, there exists a process ^'^ with paths in C([0, 00), i/'') n 
L^ocS^i P-o-S-, which is a Feller Markov process in and is the unique 

solution for (jl2p with initial data C(0). Moreover, there exist two positive 
constants C{p,T) and C{p), independent of v, such that 

(13) E sup ||r(t)ll^o <C(p,T) 

0<t<T 

for any finite T, and 

(14) sup E\\C{t)rHO<C{p). 

0<t<oo 

In particular, the constants depend also on 7, Q^, E||^''(0)||^o • 

Proof. The proof of the existence of solutions, which is quite classical requires 
some Galerkin approximation of ^'^ , say C"^'", for which a priori estimates are 
proved uniformly in n. Using a subsequence of f which converges in the weak 
or weak-star topologies of appropriate spaces, one can then prove that there 
exists a solution to . The proof of uniqueness and Feller property is standard 
and hence omitted. To ease notation, we replace the Galerkin approximation 
by the limit process ^'^ to obtain the required a priori estimates uniformly in n 
and v. 



5 



Let > and t E [0,T]; applying Ito formula to |l^'^(i)|l^o we deduce that 

dwcm^Ho <piir(i)iiro'(rw,rfrw> + \p{p-me{t)rHo'Qrdt 

= ^p|irwiiro'(rw,Ar(t))dt-7Piir(t)iiro'(rw,r(t))rft 
-piirwii?ro'(rw,"'^w-vr(i)>rfi+piirwii?ro'(r(i),d^™'"'w> 
+ lpip-mcit)rj^'Qrdt. 

Using ([5]) and integrating over the finite time interval (0, s), we get that 
(15) 

WCisWno+'^P rWirWH^WirWrndr + ^/p TlirMll^orfr < ||r(0)||^o 
Jo Jo 

Therefore 

(16) sup iir(s)ii?,o<iir(o)ii?,„+p sup riirwiiro'(rw,rf^™'''M) 

0<s<T 0<s<tJo 



+ ^p{p~l) r sup \r{r)r-,?ds. 

^ JO 0<r<s 



On the other side, using first Burkholder-Davis-Gundy inequality and then 
Holder inequality, we have that 



pe( sup /'iirMii^T,'(r(o,rf«^™''M)) 

^0<s<tJo ' 



KpEjQrJ^ \\e{r)\\%-'dr 



<pE\ sup WCisWjioJQrf WeirW'Hi'dr 

\0<s<T V "'0 

<U sup U''is)r^„ + 9^p^E r WCirW^-o'dr 

^ 0<s<T ^ Jo 

<iE sup \\C{s)r^„ + %'E r sup lirMll^o'ds. 

^ 0<s<T ^ Jo 0<r<s 

Taking expectation in (fT6)) and collecting all the estimates we get 

sup iir(5)ii?,o 

^ 0<s<T 

(17) <E||r(0)||^„ + ^p(2p-l) Te sup ||r(r)||^7,'ds 

^ Jo 0<r<s 



< E||r (0)11^0 +e / E sup ||r(r)||^orfs + C(e,p,Q,)r 

Jo 0<r<s 



for any e > 0, by Young inequality. Using Gronwall lemma we obtain (|13p . By 
the way, taking expectation in and using we also get that 



i^pE r \\C{s)rHO^\\Ci-^)\\mds+^pE I WCis^Hods < C {p,T,Qr,EU^O)\\Pj„) 
Jo Jo 

Going back to estimate (jisp and taking expectation, we have 

E||r(5)!|^„+7P TElirMll^odr 
Jo 

(18) <El|r(0)l|^„ + ^p(p-l)^'E||r(r)||7o'dr 

< E||r (0)!|^„ + ^ E||r Mll^odr + C(7,P, g.)s. 

Hence 

Gronwall lemma gives 

for any s e [0,oo). This implies (HI]). □ 

Remark 3.2 T/ie process S,^ solves system (|12p m f/ie following sense: for all 
t €z [0, oo) and (f> G wif/i a > 1, we have 

C{t,x)(j){x) dx + v I I V^''(s,x) • V(/)(x) dx ds 

Jo JD 

[ u''{s,x) ■yC'{s,x)(l)[x) dxds + -f [ I C'{s,x)<i3{x) dx ds 

JD JO JD 

= [ CiO,x)(j){x) dx+ [ iy™'^'(t,a;)0(x) P-a.s. 

J D JD 



The trilinear term is well defined thanks to ([6j) and pO[) . 

For any 7 > one can prove existence and uniqueness of the invariant 
measure for system p^ . following the lines of the proofs for the 2D Navier- 
Stokes equation (the case 7 = 0). Indeed, Krylov-Bogoliubov method provides 
a way to prove the existence of an invariant measure; this applies for a wide class 
of noises. On the other side, uniqueness is a more delicate question. We just 
recall the best result of uniqueness of the invariant measure, proved by Hairer 
and Mattingly jl^. They assume that the noise acts on first few modes, i.e. 



(19) 



'3Z finite : gfc 7^ V/c € Z, 9^ = Vfc ^ Z 

where Z has to be chosen in such a way that 

• it contains at least two elements with different norms 

• the integer linear combinations of elements of Z generates 7? 



Actually the kind and the number of forced modes, i.e. the elements of Z, is 
chosen independently of the viscosity. 
We summarize the result. 
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Theorem 3.3 Let 7 > 0. // ([T^ holds, then for any i' > system ([T^ has a 
unique invariant measure fi'^ . Moreover it is ergodic, i.e. 

(20) lim - / ipi^" {t))dt = [ If dfi" inL^{n) 

T^oo T Jq J 

for any ip S Ci,{H^) and initial vorticity in . Finally 

(21) ^ j l|vcill,odM^(e)+7 / \\&d^,'\i)^^^. 

The latter equality is obtained by means of Ito formula applied to rf||^(i)llHci- 

Remark 3.4 i) All the previous results hold true when D is a smooth hounded 
domain in R^, under suitable boundary conditions. 

ii) For other conditions granting the uniqueness of the invariant measure see 
e.g. \15\. WA | Anyway, our results hold when the noise is such that the 
support of the unique invariant measure ^'^ for system (jl2[) is a subset of H^, 
so that (j2ip is meaningful. Moreover, for any invariant measure fi'^ obtained by 
Krylov-Bogoliubov method we have that 

(22) I urHo'mmd,,-^io<^ 

for any v > and p > 2. This is proved by means of ltd formula as in the proof 
of Theorem \3.1\ 

Now, we fix the family of the unique invariant measures, as given in Theorem 
13.31 and consider the limit of vanishing viscosity. 

Corollary 3.5 Let 7 > 0. Then the family of invariant measures {fi'^}^>o is 
tight in H^'^ for any s > 0; in particular there exists a measure ji^ in iJ^* such 
that 

/x" — > fj° weakly in H^" 

as V — > 0. 

Proof. From (j2ip we have 

2 j._v(/-\ ^ 



modf.'^io < 2^ 

uniformly in v G (0,oo). Then, using that H*^ is compactly embedded in H~'^ 
we get tightness by means of the Chebyshev inequality. □ 



4 The vanishing viscosity hmit 

When = 0, we deal with the stochastic damped Euler equations 



d^° + [w" • VC" + 7^"] dt = dw"''''' 



(23) 

with periodic boundary conditions, as before. We always consider 7 > 0. 
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We are going to prove that this system has a stationary solution whose 
marginal at fixed time is the measure fjP and that the following balance equation 
holds: 

7 / iieiilforf/(e) = ^Qr; 

moreover, considering the limit in the balance equation (j2ip wc prove that 

1/^0 J 

This means that in the limit of vanishing viscosity, the damped stochastic equa- 
tions (|12p have no dissipation of enstrophy. 

However, instead of dealing with invariant measures, wc deal with stationary 
processes (sec next Remark 14. 3p . Hcuristically, we expect that there exists a 
stationary solution for the stochastic damped Euler system ((23)) . due to a bal- 
ance between the energy injected by the noise term and the dissipation of the 
damping term. More rigorously, in [S| it has been shown that the damped Euler 
equation with a multiplicative noise has a stationary solution; there, the crucial 
estimate ([H)) was used that holds for 7 > (and > 0). The proof is even easier 
with an additive noise; indeed, estimate (jl4p on the finite dimensional approx- 
imating Galerkin system gives the existence of an invariant measure by means 
of Krylov-Bogoliubov technique and we recover the existence of a stationary 
solution for ([25)1 . 

Here, we want to investigate the properties for vanishing viscosity; in par- 
ticular the limit in the balance equation (|2ip . Keeping in mind Corollarv 13.51 
wc consider the stationary stochastic process whose law at any fixed time is 
the measure fi'^ of Theorem 13. 3[ and take the limit of vanishing viscosity. We 
have 

Proposition 4.1 Let s > 0. The sequence {C'^}iy>o of stationary processes 
solving (|12p has a subsequence converging, as v ~^ 0, in Lf^^{0, co; H~'') n 
C([0, 00); (a.s.) to a process, which solves the damped Euler system 

(|23p . Moreover, the paths of the limit process belong (a.s.) to C{[0, 00); H^) f] 
L^^(0, 00; H'^), and the limit process is a stationary process in . The marginal 
at any fixed time of this limit process is the measure /i'' . 

Proof. The proof is based on two steps: first we show that the sequence of the 
laws of V > 0, is tight; then we pass to the limit in a suitable way and get 
that the limit process is a weak solution of system (j23p . Notice that we find a 
weak solution to system (in the probabilistic sense), whereas system (fT^ 
has a unique strong solution. 

Actually, the tightness and the convergence of the stationary processes have 
already been done in [5] for the damped Navicr-Stokcs equations with a mul- 
tiplicative noise; but there the analysis involved the velocity instead of the 
vorticity. For the reader's convenience we recall the basic steps of the proof; the 
details can be found in [31 [5] ■ 

Writing equation in the integral form 

r(i) = r(o) + i^ rAr(s)ds- f\''{s)-vc{s)ds~j f cis)ds+w^-^'{t), 

Jo Jo Jo 
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by usual estimations and bearing in mind estimate 

sup nrm^Ho < c(4) 

0<t<oo 

from Theorem 13. 11 one gets that there exist constants C and C{p) such that 

E|| / Ar(s)ds||^i..(o,T;ff-) <C 
Jo 

E|l / u-'is) ■ Vr (s)rfs||^i,2(o <C by and (HI]) 

Jo 

m I r(5)rf5||2,,,,.(o,T;/fO) < c 

Jo 

IE|k'"'''C.,.(o,T;ffO) < C{p) by m 
for some (and aU) s > 0, a G (0, \) and p>2. Therefore 

sup Ell^'^ll^^.sjo j,^-2^.) < oo. 
i^eio,!) 

On the other hand, we aheady know from Theorem 13 . 1 1 that 

supE|iriii2(o,T:ifO) < oo- 

v>0 

Using that the space L^iQ, T; H°) n W""'2(0, T; i/-^-^) compactly embedded 
in L^{0, T; H~^), it follows that the sequence of laws of processes (0 < < 1) 
is tight in L^(0, T; On the other hand, using that both the spaces 

W^''^{0,T;H-'^-'') and 1^"'P(0, T; i/-^-^) with ap > 1 are compactly embed- 
ded in C{[0,T];H-^-^'), we get tighness in C{[0,T]; R-^-^'). 
Let us endow Lfg^{0, oo; H^") by the distance 

oo 

d2{t C) = E 2-"nhn(||e - ClU^(o,«;ff-»), 1) 

n=l 

and C([0, oo); H^^^'^'') by the distance 

oo 

rfoo(?, C) - E i^^i^dl^ - Cllc([o.„l;i/---), !)• 

We have that the sequence {^"j is tight in £^(0^ ^X); i?"'') nC([0, oo); H''^-'^'). 

From Prokhorov and Skorohod theorems follows that there exists a basis 
{h, F, P) and on this basis, Lf^^iO, oo; i7~-')nC([0, oo); H-^-^^)-valned random 
variables 1°, I", such that /:(^'') = £(^'') on L2^^(0, oo; iJ-^)nC([0, oo); iJ^2-2s)^ 
and 

(24) lim = 1° in LI^{0, oo; iJ"") n C([0, oo); R-^-"^'), P ~ a.s. 

for a subsequence with lim„_i.oo — 0. 

The fact that the process solves system ([231) is classical. Indeed, consider- 
ing s = i we have that — )■ in H~^/^); this means, according to 
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® , that u" u° in Lf^^{0, oo; H^/^). Since JT^/^ C L'^{D), we get by estimates 
similar to © that the quadratic term [u'^ ■ V]{t'^ converges weakly to [w" • Vju^, 
i.e. 

/ /" [u" ■ \']u'' ■ ip ds dx — > I I [u" • V]w° • V' P-a.s. 

J D Jo J D Jo 

for all t finite and ip E [H^]'^. For this it is enough to write 



J D Jd 

In addition, and have the same law; then is a stationary process. By 
the convergence P-a.s. in C([0, oo); iJ~^~^*) we get that also is a stationary 
process in H^^^^" . 

Finally, from (jl3|) we have that 



e°eL^,(0,c»;i7°) P-a.s. 

Then, for T < oo almost each path I" e C{[0,T]; H-^-^'') n L°°{0,T; H^); thus 
it is weakly continuous in H^, i.e. we have for any (f> e H'^ 

lim (|0(i), 0)ho = {^%to),(P)HO P - a.s. 

t— >to 

and for any t e [0, T] 

< ||l°||L=c(0,T;ffO) P-a.s. 

(see [13] p 263). 

Hence, for every t >Q, the mapping ui i— )■ ^°(i,a)) is well defined from Ct to 
and it is weakly measurable. Since is a separable Banach space, it is strongly 
measurable (see [23] p 131). Therefore, it is meaningful to speak about the law 
of £,'^{t) in i?". The stationarity of in H'^ has to be understood in this sense. 

By taking suitable subsequences we have that ijP is the law of £,^{t) for any 
time t. □ 

Let us denote by the stationary process solving ((23)) . as given in Propo- 
sition 113] We have 



Proposition 4.2 For any time t 

(25) im'm'Ho = ^Qr- 

Proof. From (|14p of Theorem 13. II we have 

E|ir(OlPffo <C(2). 

This bound implies 

rW — >i°it) weakly in X D); 
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for the limit we have 

(26) m°mlo < hminf E||r(i)i||,„ < C(2). 

f — ^0 

By working on the first equation of Ito formula for d||^^(t)||^o provides 

(27) 

U'mlo+lJ^U'is)\\lods^\\i'>mHO + lQr + j\ >H0, 

P-a.s. For this we have used ([5]). 

Taking expectation and using stationarity we get □ 
Equation (|25p can be rewritten as 

7 / \\&df,"{0 - ^Qr- 



Remark 4.3 At this point, we are not able to prove that is an invariant 
measure for the system (|23p . In fact, the transition semigroup associated to 
(j23p can not he defined in H'^ : existence of a solution holds for initial vorticity 
in H*^ but uniqueness requires stronger assumptions (see |^ and f^)- But to 
get the Feller and Markov properties in a space smaller than is not trivial. 
Some work in progress in that direction is being made by the current authors. 

Now we have our main result 

Theorem 4.4 For any 7 > 0, we have 

(28) hm /||Ve||?^odAi''(C) = 0. 

Proof. Let us write the balance equation (pij) in terms of the stationary process 
, at any fixed time t: 

(29) ^E||Vr(i)|llfo+7Eiir(i)ll?fo = ^. 
Considering the weak limit as in Proposition 14.11 and 14.21 we have 

limsup vt\\Vt{t)\\l, = ig,,-7liniinf]E||r(<)||l^o 



< i^Qr-im\mm by m 



(30) ^ 1 

2 

= Oby 

This gives (EH]). □ 
From this result we obtain the convergence of the mean enstrophy. 

Corollary 4.5 For any 7 > 0, we have 

(31) lim y miod^i^ii) - j m\lod^JP{^)■ 

Proof. We consider the limit as ^ in ^FQ\ then use (US]) and (gHl)- ^ 
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Remark 4.6 All the results proved for the enstrophy ^ can be repeated and 
hence hold for the velocity u; norms of one order less of regularity are involved 
and therefore the proofs are even easier. This means in particular that for the 
stochastic damped 2D Navier-Stokes equations, there is no anomalous dissipa- 
tion of energy as v and energy balance equation holds for ly > and also 
u = 0. 

Acknowledgment: The work of H. Bessaih was supported in part by the 
GNAMPA-INDAM project "Professori Visitatori". We would like to thank the 
hospitality of the Department of Mathematics of the University of Pavia where 
part of this research started and the IMA in Minneapolis where the paper has 
been finalized. 



References 

[1] V. Barcilon, P. Constantin, E. Titi, Existence of solutions to the Stommel- 
Charney model of the Gulf Stream, SIAM J. Math. Anal. 19 (1988), 1355- 
1364. 

[2] D. Bernard, Influence of friction on the direct cascade of 2D forced turbu- 
lence, Europhys. Lett. 50 (2000), 333-339. 

[3] H. Bessaih, Martingale solutions for stochastic Euler equations, Stoc. Anal. 
Appl 17 (1999), no. 5, 713-727. 

[4] H. Bessaih; Stochastic weak attractor for a dissipative Euler equation. Elec- 
tron. J. Probab. 5 (2000), no. 3, 16 pp. 

[5] H. Bessaih, Stationary solutions for the 2D stochastic dissipative Euler 
equation. Seminar on Stochastic Analysis, Random Fields and Applications 
V, 23-36, Progr. Probab., 59, Birkhauscr, Basel, 2008. 

[6] H. Bessaih, F. Flandoli, Weak attractor for a dissipative Euler equation, 
Journal of Dynamics and Differential Equations, Vol. 12 No. 4 (2000), 
713-732. 

[7] G. Boffctta, R. E. Ecke, Two- Dimensional Turbulence, Annu. Rev. Fluid 
Mech. 44 (2012), 427-451. 

[8] Z. Brzezniak, S. Peszat, Stochastic Euler equations, Ann. Probab. 29 
(2001), no. 4, 1796-1832. 

[9] M. Capihski, N. J. Cutland, Stochastic Euler equations on the torus, Ann. 
Appl. Probab. 9 (1999), no. 3, 688-705. 

[10] P. Constantin, F. Ramos, Inviscid limit for damped and driven incompress- 
ible Navier-Stokes equations in M?, Commun. Math. Phys. 275 (2007), 
529-551. 

[11] G. Eyink, Dissipation in turbulent solutions of 2D Euler equations. Non- 
linearity 14 (2001), 787-802. 



13 



[12] B. Ferrario, Stochastic Navier-Stokes equations: analysis of the noise to 
have a unique invariant measure, Ann. Mat. Pura Appl. 177 (1999), 331- 
347. 

[13] F. Flandoli, Dissipativity and invariant measures for stochastic Navier- 
Stokes equations, Nonlinear Differential Equations Appl. 1 (1994), no. 4, 
403-423. 

[14] F. Flandoli, An introduction to 3D stochastic fluid dynamics, in SPDE 
in hydrodynamic: recent progress and prospects. Lectures given at the 
C.I.M.E. Summer School held in Cetraro, August 29-September 3, 2005. 
Edited by G. Da Prato and M. Rockner. Lecture Notes in Mathematics, 
1942. Springer- Verlag, Berlin; Fondazione C.I.M.E., Florence, 2008. Pages 
51-150. 

[15] F. Flandoli, B. Maslowski, Ergodicity of the 2-D Navier-Stokes equation 
under random perturbations. Comm. Math. Phys. 172 (1995), no. 1, 119- 
141. 

[16] G. Gallavotti, Foundations of fluid dynamics. Texts and Monographs in 
Physics. Springer- Verlag, Berlin, 2002. 

[17] M. Hairer, J. Mattingly, Ergodicity of the 2D Navier-Stokes equations with 
degenerate stochastic forcing. Annals of Mathematics 164 (2006), no. 3, 
993-1032. 

[18] A. A. Ilyin, A. Miranville, E. S. Titi, Small viscosity sharp estimates for the 
global attractor of the 2D damped-driven Navier-Stokes equations, Comm. 
Math. Sci 2 (2004), 403-425. 

[19] A. A. Ilyin, E. S. Titi, Sharp estimates of the number of degrees of freedom 
for the damped-driven 2D Navier-Stokes equations, J. Nonl. Sci. 16 (2006), 
233-253. 

[20] J.U. Kim, On the stochastic Euler equations in a two-dimensional domain, 
SIAM J. Math. Anal. 33 (2002), no. 5, 1211-1227. 

[21] A. Kupiainen, Ergodicity of two dimensional turbulence (after Hairer 
and Mattingly). Seminaire Bourbaki. Vol. 2009/2010. Exposes 1012-1026. 
Asterisque No. 339 (2011), Exp. No. 1016. 

[22] R. Mikulevicius, G. Valiukevicius, On stochastic Euler equation in R"^, Elec- 
tron. J. Probab. 5 (2000), no. 6, 20 pp. 

[23] R. Temam, Navier-Stokes equations . Theory and numerical analysis. Re- 
vised edition. Studies in Mathematics and its Applications, 2. North- 
Holland Publishing Co., Amsterdam-New York, 1979. 

[24] K. Yosida, Functional Analysis, Reprint of the sixth (1980) edition. Classics 
in Mathematics. Springer- Verlag, Berlin, 1995. 



14 



